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For a finite group G and a set Z c ( 1,2,..., n) let 
e,h 1) = C h(g) 0 et(g) 63 a.. 0 e,(g), 
SEG 
where 
G?) = g if i E I, 
a?) = 1 if i&Z. 
We prove, among other results, that the positive integers 
tr(e,(n, I, ) + ... + e,(n, I,))‘: n, r, k) 1, Zjz { l,..., n), 1 < II,1 < 3 
for 1 <j < r, Ii, n l,z n I,, n I,, = 0 for any 1 Qj, <j, <j, <j., ( r, determine G 
up to isomorphism. We also show that under certain assumptions finite groups are 
determined up to isomorphism by the number of their subgroups. 
The purpose of this paper is to present some results which were derived 
while working on the group ring problem (at the Hebrew University of 
Jerusalem): does ZG determine G up to isomorphism for a finite group G? 
We hope nevertheless that these results may prove useful not necessarily in 
connection with the group ring problem. 
1. A COMPLETE? SET OF INVARIANTS FOR FINITE GROUPS 
Let G be a finite group. For given n > 1 and a set Z s { 1,2 ,..., n), we 
define an element e&Z) of the group ring 
as follows: 
E*(g) = g if i E Z, 
= 1 if i&Z. 
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For example, e&4, { 1, 3)) = CgEG g 0 1 0 g 0 1. We have (e&z, I))’ = 
1 G 1 eG(n, I) for any n, Z as above. 
As usual if R is a ring with unit and x = CgEG up g, ag E R, is an element 
of RG, we define tr x = a,. If x is the regular character of G extended by R- 
linearity to RG, we have x(x) = ( G ] tr x. 
THEOREM 1. The positive integers 
tr(e,(n, Zr) + . . . + e,(n, Zr))k : n, I, k > 1, 
zj G { l,..., n}, l < lzjl & 3 for l<j<r, 
zj, n zj, n zj, n zj, = 0 foranyl<j,<j,<j,<j,<r, 
determine G up to isomorphism, Conversely, these integers are determined by 
the isomorphism class of G. 
Remarks. We may not strengthen Theorem 1 by restricting lZjl < 2. 
Indeed it can be proved that if G and H are finite abelian groups of the same 
order, then G and H have the same invariants with lZjl < 2 if and only if G 
and H have the same number of involutions. In particular this holds for G 
and H abelian of the same odd order. 
If we add the order d of G to the invariants of Theorem 1, then we can fix 
in the formulation of Theorem 1: n = 7d3, k = 6d3. This follows from the 
proof below. 
Theorem 2 of [2] is a consequence of Lemmas 2 and 5, below. 
Proof. As the second part of the theorem is trivial we have to prove only 
the first part. 
For a given positive integer n, let A, be the abelian group freely generated 
by {I: Z z {l,..., n}}. Viewing ZG” as an additive group, let q,., be the 
unique group homomorphism PC,,,: =“+A,, which fulfils 
pG,"(gl @ . . . 0 g,) = Z, where gi E G and Z = {i: 1 < i < n, gi # 1 }. For 
x E ZG”, ~~,~(x) is called the type of x. 
For Z = {i, ,..., ik}, 1 < i, < i, < . . - < i, < n, we denote by pn,I the 
canonical projection pn+I : ZG” + ZGk which sends g, 0 . . . 0 g, into 
gi, 0 gil@ . . . 0 gik for g, ,..., g, in G and is extended linearly from G” to 
ZG”. 
LEMMA 2. The type of x E ZG” is determined by the integers 
tr p,,,(x): Z S (l,..., n}. 
Proof of Lemma 2. Let 1 G ] = d and let x be the regular character of G: 
x(g)=d if g= 1, 
=o if gf 1. 
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Let 
x= c xsl,.... n g g,@ --- 0 g, 
bl....&EG 
and 
V)G,ntX) = ,ElF ‘IL 
,...a1 
For simplicity take Z = { 1,2 ,... k}, k Q n. Then 
We express a, as a linear combination with coefficients f I/#, s > 0, of sums 
of the form 
c Xg,,...,gnX(8i*) *a- X(&J 
gI,....gnEG 
where 1 & i, < i, --- < i, < n. Let r be the regular character of G’. Then, 
c x, I,..., ,,X(&,) -** X(&r) 
= c xgl (...( g,ai, 0 a-* 0 &,I 
= 
, ( 
T cxg ,,...,g,gil@ *” @ gtr = r(Pn,J(x)) 
= d’ tr(p,,,(x)), 
where J= {i r ,..., i,}. This proves the lemma. 1 
LEMMA 3. Let Z(X, ,..., X,) be the polynomial ring in the noncommuting 
indeterminates X, ,..., X,, over H. Then the element Cuss, X,,,, -.a X0(“) 
belongs to the additive subgroup of Z(X1,..., X,,) generated by 
(Xi, + -** + XJ, 1 < i, ,..., i, < n. 
Proof of Lemma 3. For given n and 0 # I c {l,..., n}, let ty) be the sum 
of all the monomials X*,X,, - -. X,“, where {i, ,..., i,} = I. For fixed n we assert 
by induction on 11) Q n that tI (“) belongs to’ the additive subgroup of 
Z(X, ,*--, X,,) generated by (Xi, + . . - + Xi,)“, {i, ,..., ik} G I. For III= 1 the 
assertion is clear, as t# = z. Let 111 = r, 1 < r < n, Z = {iI ,..., i,}. Then 
p= (Xi, + *** +,;y-- c t:“’ 
JV 
and the assertion follows by induction. Taking I = {l,..., n} we conclude the 
proof of Lemma 3. I 
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LEMMA 4. The invariants in the formulation of Theorem 1 determine the 
type of 
for any n and subsets I, ,..., Z, of { l,..., n}, lZ,l < 3, Zj, n Zj, n Zj, n Zj, = 0 for 
any 1 Gj, cj, <j, <j,<k. 
Proof of Lemma 4. The invariants in the formulation of Theorem 1 
clearly determine the invariants defined in the same manner by allowing 
lZjl = 0, that is Zj = 0. Therefore Lemma 4 follows from Lemmas 2 
and 3. 1 
Let G be a finite group of order d, let s = 6d3, m = 7d3. 
For given gi E G (0 < i < s), let x(g,,,..., g,- ,) be the following element of 
ZG” : 
&To,..., g,-,)=gOOgl**' gd-IO"'OgigjO"'OgpgpgrO"', 
where (i, j) are the following pairs of indexes arranged lexicographically: 
(1, d + 0 (0 < 1< s - d); 
the triples (p, q, r) follow the pairs (i, j) in lexicographical order and are 
defined below: 
(a + 2lJd + yd’), /3 + 2(yd + ad*) + 2d3, y + 2(ad + pd2) + 4d3) 
for any O<a,p,y<d. 
We have O<i<j<s for any pair (i,j) and also O<p<q<r<s for 
any triple (p, q, r) as above. For any 0 < a,P, y < d there exists a unique 
triple (p,q, r) as above such that p-a (mod 2d), q=/3 (mod 2d), 
r z y (mod 2d). Any index I (0 < 1 < s) appears in the elements of the 
sequence (0 ,..., d - l,..., (i, j) ,..., (p, q, r) ,...) defined above at most three 
times. 
Let 
XG = c x(gcm gs-1). 80.....&!-ISG 
x(&w., g,-,> = go0 *a* @ gdel @ . . . @ gigi@ ... @ g,g,g,@ ... can be 
represented as a product of s factors (g,, 0 1 - a- 0 1 0 g,, -*a)( 1 0 g, --.)**s 
such that the ith factor (0 < i ( s) is defined by a sequence in which appear 
only g, and 1, gi appearing at most three times. This is possible because we 
have always i < j and p < q < r. 
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We have 
XG = c (go@ 1 *m-)(1 @ g, . ..) . . . 
bO....&EG 
c = c (go@ 1 a..) 2 (10 g, a**) **a. 
goEG BlEG 
Let us denote the sums in the last product by eG,O,..., eG,,-, : 
Let 
e G,O= )J g@ 1 ..., etc. 
6-G 
YG= c eG,o(0) eG,m(l) “’ eG.o(s-l)y 
oos, 
where S, is the group of permutations on {O,..., s - 1 }. 
LEMMA 5. Let G and Z-Z befirtite groups such that (G( = IHI = d, yG and 
yH are of the same type (that is ~o,~(y~) = ~)~,~)y,,)). Then G E H. 
Proof of Lemma 5. Let G = {u, ,..., ud- I }, where u. = 1. For 0 Q i < d, 
0 < k < 6d2, let 
&+kd = h for k even, 
-1 
= U( for k odd. 
In this way we have defined g, for 0 Q i ( s = 6d3, g, = uI for 0 Q i < d. 
For u E S,, the product eH,o(oj . e. eH,o(sI is a sum of elements of the form 
hoO...Ohd-lO...Oh,,h,,O...Ohp,h,,h,,O..., 
where {i, j’ } = {i, j}, { p’, q’, r’ ) = { p, q, r}, (i, j) and (p, q, t) being defined 
above. Therefore, as y, and y, are of the same type, there exist ho,.,., h,-, in 
H such that r 
x(go,...~ g,-,)=g,@*“@ &-,@*“@ gig/@*-‘@ g,g,&@*‘- 
and 
hoO...Ohd-lO...Oh,,h,,O...Ohp,h,,h,,O... 
are of the same type. 
Now, 
x(g0 Y-9 &,)= go@-‘-@ &j-l@ &gd@” 
~go~...~gd~,~l~~~~olo~~~. 
s-d times 
Therefore we have, e.g., h,hd+, = 1 or hd+,hl = 1 and so hd+l = h;‘. 
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We obtain for 0 < i < d, 0 < k < 6d2: 
hi+kd = hi for k even, 
= h;’ for k odd. 
We have also h, = 1. 
We define a map f: G + H 
gi + hi (0 < i < d). 
We see that f( gi) = hi for all 0 < i < s, i = a(mod 2d) for some 0 < a < d. 
For given g E G, let 0 < a, p < d be such that g, = g, g, = g-i, and let 
(p, q, r) be a triple as above such that p = a (mod 2d), q =/I (mod 2d), 
r-O(mod2d).Then,gP=g,,gq=gB,g,=g,=1 andsog,,g,g,=l and 
also h,, h,, h,, = 1. As h, = 1, we get h, h, = 1 (no matter what is the order of 
p, q, r in the triple (p’, q’, r’)). 
We conclude h, = h;‘,f(g,)= cf(g,))-‘, that is,f(g-‘) = (j(g))-‘. 
For given U, v in G let 0 < a,/3, y < d be such that g, = U, g, = u, 
g, = (uu))’ and let (p, q, r) be such that p 3 a (mod 2d), q = /I (mod 2d), 
r = y (mod 2d). 
We have g, g, g, = 1. As {p’, q’, r’} = {p, q, r}, there are two possibilities: 
h,h,h, = 1 or h,h,h, = 1. In the first case f&v) =f( g; ‘) = df(g,))-’ = 
h;’ = h,h, =f(u)f(v). In the second case we obtain similarly 
f(uo) = f(v)f(u). By [ 1, p. 128, Sect. 4, Ex. 26]fis a homomorphism or an 
antihomomorphism. As kerf = { 1 }, we have in any case G z H. 1 
Theorem 1 follows now from Lemmas 4 and 5. (The order of the group is 
clearly determined by the invariants of Theorem 1.) 1 
Let R be a commutative ring with 1 # 0, G a finite group. As usual we say 
that H is a group basis of the group ring RG and denote RG = RH if H is a 
subgroup of the multiplicative group of RG and H is a free basis of RG as 
an R-module. In case RG = RH we have, of course, IGl = IHJ. 
PROPOSITION 6. Let G and H befmite groups, 1 G I= d, R a commutative 
ring with 1 # 0, RG = RH. 
(1) If charR=O and Cascg@g@g=,&pHh@h@h, then 
GEH. 
(2) Ij’R=Zand&,, g@g@g=ChPHh@hOh, then G=H. 
(3) If char R = 0 and for some m > Id3 there exist automorphisms 
e ,,..., 8, of RG as an R-algebra such that 
2 Bt(g)08,(g)0...0B,(g)=Ch0...0h, 
ixG m  times 
then G z H. 
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(4) Assume that d! is not niipotent in R and there exists m > d such 
that 
C g@...@g= C h@---Oh. 
bEG m times hsH m times 
Then G s H. If, furthermore, R is an integral domain, then G = H. 
ProoJ (1) and (3) follow from Theorem 1. 
(2) Let R be the canonical projection 
n:ZGxGxG--tZGxG 
g10 g2 0 g3 + g, 0 g2. 
Then ?r(CbeG g @ g @ g) = n(c&,., h @ h @ ), that is, 
C gag= C h@h. 
bGG hcH 
Let h = &G ah& & ah.s E Z. For g, E G we compare the coefficient of 
g,, @ g, in the two members of the equality C g@ g = C h 0 h: 
1=x 2 hEH ah.gos Therefore, there exists a unique h, E H such that aho,&, # 0 
and in this case we have aho,& = fl. Comparing the coefficients of 
g, @ g, @ g, in the two members of the equality C g@ g@ g = 
C h @ h @ h, we obtain (Ih0,r0 = 1, g, E H, and so G = H. 
(4) There exists a prime ideal P in R such that d! 6?J P, 
(R/W = (R/PM& so we may assume that R is an integral domain, d! # 0 in 
R. Let h = xgEG ah,,g for h in H, ah,& E R. 
We have for all 1 Q k < d 
C i@...@g= C h@---Oh 
bfG k times hetf k times 
and so CdsGaiI= 1 for hEH, l<k<d. 
Under our assumptions we obtain that for any h E H there exists a unique 
g E G such that ch,g # 0 and then a,,& = 1. We conclude G = H. m 
2. How Ann FINITE GROUPS DETERMINED 
BY THE NUMBER OF THEIR SUBGROUPS 
If G is a finite group we denote by n(G) the number of subgroups of G. 
PROPOSITION 1 (The formulation of this proposition is based on a remark 
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of Professor A. Mann. The proof was simplified by a remark of Professor E. 
Rips). Let K, G, H be finite groups. Assume that for any subgroup L of a 
quotient group of K we have n(L X G) = n(L x H). Then K is involved in G 
if and only if K is involved in H. 
ProoJ For any group L let ;rr,:LxG+L, &:LxH+L be the 
canonical projections. We prove first by induction on 1 K 1 that if K, G, H are 
finite groups such that n(L X G) = n(L x H) for any subgroup L of K, then 
((U: U<KxG,n,(U)=K}I=({V: V<K<H,nk(V)=K}I. 
For IKJ = 1 the assertion follows from the fact that n(G) = n(H). Let 
lK[ > 1. Let K ,,..., K, be all the different subgroups of K, Kt #K for all i. 
We have 
J(U:U<K<G,I~,(U)#K}J= 6 (U: U<KtXG,TI,i(U)=Kt} 
i=l 
= C I{V: U<KtXG,n,,(U)=Kt}J 
i=r 
=I{V: V<K&H,n;(V)#K}(. 
As n(K x G) = n(K x H), we conclude 
Next, we prove by induction on IK) that if K, G, H are finite groups such 
that n(L x G) = n(L x H) for any subgroup L of a quotient group of K, then 
For IKI = 1 the assertion is clear. 
Let I K 1 > 1 and let N, ,..., N, be all the different normal subgroups of K, 
Ni# 1 for any IgiGs. We have 
I(U:U<KxG,a,(U)=K,Un(KX{l}#l}( 
=i+J:WKXG, zK(U)=K,U~(KX (l})=NtX {l}] 
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As I{U:U~KxG,rr&J)=K}J = [{V: V<KxH,n,(V)=Kfl we 
conclude 
~{u:ugKXG,~K(u)=K,un(Kx l)=l}l 
Assume now that K is involved in G: there is an epimorphism G, + K, where 
G, & G. Let U= {(f(g), g): g E G,}. Clearly, Ug K X G, n,(U) = K, 
un(KX l)=l. 
Therefore, there is V < K x H such that n;Y( v) = K, K n (V x { 1 }) = 1. 
Let H, = rrH( v), where n, . *K x H-P K is the canonical projection. We define 
9: H, + K by requiring q,(h) = k for h E H, iff (k, h) E V. It is easy to verify 
that v, is a well-defined epimorphism, so K is involved in H. 1 
PROPOSITION 2. Let G and H be finite groups such that 
n(L x G) = n(L x H) for any subgroup L of a quotient group of G. Then 
GgH. 
Proof By the preceding proposition G is involved in H, so G g HI/N, 
where H, <H, N a H. As n(G) = n(H), we get N = 1, H, = H, G E’ H. 
THEOREM 3. Let .F be a class of finite groups closed under subgroups, 
homomorphic images and finite direct products. Let Q be a class of objects 
on which it is given an equivalence relation ZE. Let ST: .Z% + Q a map which 
fulfils : 
(i) Y(G) 3 Y(H) =z- sT(L x G) = X(L x H) for any L, G, H in 5. 
(ii) X(G) determines n(G) for any G E 9. (That is, X (G) E ST(H) * 
n(G) = n(H) for any G, H, in F). Then R(G) determines G E F up to 
isomorphism. 
Proof: Let .X(G) =.F(H) for given G, H in 8. By (i) F(L X G) = 
.F(L x H) for any L E 25. By (ii) n(L x G) = n(L x H). The theorem 
follows from the preceding proposition. u 
PROPOSITION 4. Let R be a commutative ring with 1 # 0, 5 a class of 
jInite groups as in Theorem 3. Assume that RG (as an R-algebra) determines 
the number of subgroups of G for all G E F. Then RG determines G up to 
isomorphism for G E 8. 
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Proof. In the formulation of Theorem 3 take F(G) = RG, = 
isomorphism of R-algebras. Condition (i) is fulfilled as 
RGxHgRG@,RH. 1 
Remarks. As it is well known (see, e.g., [3, Theorem 4.261) ZG 
determines the lattice of normal subgroups of G, more precisely if ZG g ZH, 
there exists a lattice isomorphism between the lattices of normal subgroups 
of G and those of H such that ZG/N z ZH/N,, if N and N, correspond 
under the lattice isomorphism. 
To show that ZG determines G for G nilpotent it is enough to prove that 
ZG determines ZN for any maximal subgroup N of G (equivalently for 
N 2 Q(G)), that is, in the notations above, ZNE ZN,. Indeed, in this case 
we obtain by induction on IGI that ZG determines n(G). 
THEOREM 5. Let F and Q be as in Theorem 3. Let F: g + Q a map 
which fu&lls: 
(i) .F(G) z F(H) 3 .F(L x G) E .F(L X H) fir any L, G, H in .!?. 
(ii) F(G) determines the number of representations of G into S, for 
any GE.F, nj[Gl. 
Then F(G) determines G E F up to isomorphism. 
Proof: We prove by induction on n that X(G) (G E 57) determines the 
number t,(G) of transitive representations of G into S,, starting with n = 1. 
Let n > 1. Any unordered partition of {I,..., n) into k > 2 disjoint nonempty 
sets A I,.-,A~ (IA Ii = ri, Cb ,=, ri = n) yields in a natural way nf= i t, 
homomorphisms of G into S(A,) x .a. x S(A,) s S,, such that G is tran- 
sitive on Ai (1 < i < k) and so yields nf=, tri intransitive representations of 
G into S,. It follows by induction that F(G) determines the number of 
intransitive representations of G into S, and so determines also t,(G). 
Next we prove by induction on 1 GI that X(G) determines the number 
f,(G) of faithful transitive representations of G into S, for all n, starting with 
JGJ= 1. Let IGI > 1 and let Ni,..., N, be all the different normal subgroups 
of G, Ni # 1. Then 
and so F(G) determines f,,(G) by induction. But f,(G)/(n - l)! = the 
number of subgroups of G of index n, so X(G) determines the number of 
subgroups of G. By Theorem 3 K(G) determines G up to isomorphism for G 
in F. 1 
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